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Spin-Wave Theory for the Classical Heisenberg Antiferromagnet*

P. D. LoLy aNDp P. MIkuSIk
Department of Physics, University of Manitoba, Winnipeg, Canada
(Received 23 October 1969)

A number of problems which beset the finite-spin Heisenberg antiferromagnet are eliminated by con-
sidering the infinite-spin, or classical case. Using a simple spin-wave treatment, the temperature dependence
of the sublattice magnetization is found up to the leading effect due to spin-wave interactions. These new
results are quite different from the finite-spin case but very similar to the magnetization of the classical

ferromagnet.

PIN-WAVE theory of the finite-spin Heisenberg
model for the antiferromagnetic problem is compli-
cated by three major difficulties—the kinematic effect
(due directly to the finiteness of spin), bound-state
effects, and the ground-state problem. The present cal-
culation is an attempt to eliminate those effects and
follows quite closely the philosophy of recent work on
the corresponding ferromagnetic problem.!

The classical models of magnetism may be obtained
from the quantum-mechanical models by replacing the
quantum-mechanical spin operators by classical unit
vectors, or alternatively, and of interest for our purposes,
by taking the large-spin limit S=o of the finite-spin
problem. Since the critical temperature is proportional
to S? for large S, it is necessary to express the tempera-
ture in terms of 7/52, in fact we shall use!

r=kpT/S?|J|Z, 1)

where the exchange interaction between two nearest-
neighbor spins is |J|S4-Sz 2 and the number of nearest
neighbors is Z.

The sublattice magnetization including the leading
spin-wave interactions may be obtained simply by
using the equations of the self-consistently renormalized
spin-wave approximation of Bloch® which we summarize

by
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and the renormalization due to spin-wave interactions

by
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In these equations, NV is the number of spins on each
sublattice and ¢ and ¢’ are constants which depend only
on the lattice.

The crucial step now comes in using the correct
expansion of the Planck function for the large-spin
case—then afe is small for all k. So for 72> 7T./S we
usel -

n(x)=1/x—3i+x/12---. (6)

In the limit S=c only the first term remains and
the equations simplify to

ma=1—c"7/a (7
and
a=1—7/a, (8)
where .
¢'=—2 (g ©)
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In this approximation, Eq. (8) exhibits the Bloch3
cutoff temperature 75 for real solutions of a. In fact, it
differs from the classical ferromagnetic case only in

¢D. C. Mattis, Theory of Magnetism (Harper & Row Publish-
ing Co., New York, 1965).
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1 SPIN-WAVE THEORY FOR THE CLASSICAL-.-..

that 7 in one case involves J while the other has |J].
This is perhaps not surprising in view of the relation
noted by Rushbrooke and Wood? for the classical case,

KT/ T =kTx/ || (10)

for the relationship of the Curie and Néel temperatures.
Returning to Eq. (9) we expand in powers of 7 for
<7 finding

(11)

Experience with the ferromagnetic case suggests that
the error will lie in the 7% term, and moreover, that the
only contributions are of the form a,77, > 0.

In this infinite-spin limit the kinematic effect
vanishes and we assume that the bond states disappear
by analogy with the ferromagnetic situation. We see
from Eq. (11) that the classical ground state has the
full alignment of the Néel state as should be expected,

8 G. S. Rushbrooke and P. J. Wood, Mol. Phys. 6, 409 (1963).

ma=1—c"7r—c"72—0(7%)- - -.
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i.e., the zero-point deviation of the finite-spin case has
been removed. Furthermore, what is left in the temper-
ature dependence of the sublattice magnetization is
quite different from the finite-spin results of Oguchi,®
specifically for noninteracting spin waves one has a
linear effect instead of 7% T% T, ... dependences and
the leading interaction term is quadratic rather than 7°°.

There exists a strong similarity between the sublattice
magnetization of Eq. (11) and the magnetization of the
classical ferromagnet, at least to the order 72 treated
here—for the ferromagnet we find Watson’s integral’
instead of ¢”’. For the CsCl or bec type of antiferro-
magnet (s.c. sublattices and Brillouin zone) preliminary
computations give ¢’’~1.3934-0.002 which is close to
the value of Watson’s integral on the bcc lattice,
namely, 1.39320. Further work on a number of aspects
of this problem are underway.

6 T, Oguchi, Phys. Rev. 117, 117 (1960).
7 G. N. Watson, Quart. J. Math. 10, 266 (1939).
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Comment on ‘“Phase Transition in the Two-Dimensional Ferromagnet”*

RicrArD P. KENAN
Battelle Columbus Laboratories, 505 King Avenue, Columbus, Ohio 43201
(Received 27 October 1969)

It is shown that the decoupling procedure used by Mubayi and Lange leads to the onset of antiferro-
magnetic short-range order in ferromagnetic systems. This defect occurs in both two- and three-dimensional
lattices and occurs over a temperature range that includes the supposed transition temperatures. Any
conclusions drawn about the behavior of the systems over this temperature range, including the existence
of a transition, must, therefore, be regarded as questionable.

I. INTRODUCTION

ECENTLY, Mubayi and Lange! presented a
theory for a two-dimensional ferromagnet that
exhibited a phase transition, in accord with the con-
jectures of Stanley and Kaplan,? without the appearance
of any spontaneous magnetization, in accord with the
proof of Mermin and Wagner® that a two-dimensional
isotropic ferromagnet cannot support a finite mag-
netization in zero field. Their theory consists of a
linearized Green’s-function theory in which the second-
order Green’s function is written as a linear combination
of first-order functions. The coefficients in the expansion
are chosen by requiring that the replacement be exact
in certain limiting cases.

* Research supported in part by the U. S. Air Force Office of
Scientific Research, Grant No. AF-AFOSR-68-1535.

V. Mubayi and R. V. Lange, Phys. Rev. 178, 882 (1969);
hereafter referred to as I.
( 2 H) E. Stanley and T. A. Kaplan, Phys. Rev. Letters 17, 913
1966).

¢ N. D. Mermin and H. Wagner, Phys. Rev. Letters 17, 1133
(1966).

In this paper, we point out that the procedure used
in I, which is equivalent to the use of the Roth* de-
coupling procedure, always leads to the result that at
some temperature in the range (0,7), the longitudinal
correlation function

n=g"1 % (S#Sivs®) ey

changes sign. Here, 2 is the coordination number of the
lattice, and the &’s connect nearest-neighboring sites.
Furthermore, at T'=T,, the symmetry remains broken,
and this persists into the paramagnetic region. Since
negative  corresponds to antiferromagnetic order, the
conclusions of I are open to question.

II. LINEARIZED EQUATIONS OF MOTION

We begin with the Hamiltonian used in I,
H=—w 2 SiF—2 Ji;5: S5, 2
i g

4 L. M. Roth, Phys. Rev. Letters 20, 1431 (1968).



